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ABSTRACT
When an asymptotically non-free theory possesses a mass parameter, the ultra-
violet (UV) renormalon gives rise to non-perturbative contributions to dimension-
four operators and dimensionless couplings, thus has a similar effect as the in-
stanton. We illustrate this phenomenon in O(N) symmetric massive λφ4 model
in the 1/N expansion. This effect of UV renormalon is briefly compared with
non-perturbative corrections in the magnetic picture of the Seiberg-Witten theory.
⋆ electric mail: hsuzuki@mito.ipc.ibaraki.ac.jp
At present, there are two known sources which make the perturbation series in
quantum field theory divergent [1]. One is the instanton [2,3], Euclidean classical
solution with a finite action, and another is the ultraviolet (UV) [4–13] and the
infrared [5,9,11–18] renormalons. In this letter, we point out that renormalons and
instantons are also similar in another aspect: In an asymptotically non-free theory,
UV renormalon gives rise to “non-perturbative” contributions to dimension-four
operators, when the theory possesses a mass parameter or scale. In the context
of supersymmetric gauge theories, a similar effect of instanton was pointed out
in [19] and the instanton contributions in N = 2 supersymmetric gauge theory was
determined to all orders in the recent work of Seiberg and Witten [20,21].
The renormalon is a Feynman diagram which has the amplitude grows like ∼ n!
for the nth order loop expansion. In asymptotically non-free theories, a singular
UV behavior of Feynman integral due to the Landau pole produces this facto-
rial growth with a non-alternating sign. After the Borel resummation, this large
order behavior produces a contribution proportional to ∼ e−n/(β1α) (α is a typi-
cal coupling constant and β1 is the one loop coefficient of the β function) which
is O(1/Λ2n) in terms of the Λ parameter. Therefore, if there exists a mass pa-
rameter, UV renormalon can give rise to “non-perturbative” corrections of the
order O(m2n/Λ2n) to four-dimensional operators.
We illustrate this phenomenon in O(N) symmetric massive λφ4 model,
L = 1
2
∂µφi∂
µφi − 1
2
m2φ2i −
λ
8N
(:φ2i :)
2, (1)
where φi is an N component scalar field (i = 1–N). In (1), we have introduced
the normal ordering to suppress (most of) tadpole diagrams and to avoid unnec-
essary complications associated with the dynamical mass generation. Also, the
normalization of the coupling constant has been taken in accord with the stan-
dard 1/N expansion, because the 1/N expansion allows a systematical isolation of
renormalon diagrams, as is well-known. In what follows, we shall study the self
energy part and the four point vertex function to the next-to-leading order of the
1/N expansion.
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In the lowest order of the 1/N expansion, it is easy to see that there is no
self-energy correction (with the normal ordering), Σ
(1)
ij (p
2) = 0, and thus the mass
parameter m in (1) is the physical one. On the other hand, in the lowest order
of the 1/N expansion, the four point vertex function at the zero external momen-
tum Γijkl(0) is given by
Γ
(1)
ijkl(0) = −
1
N
(δijδkl + δikδjl + δilδjk)i∆(0), (2)
where i∆(p2) is a geometrical sum of strings of one-loop bubbles in Fig. 1,
i∆(p2) =
∞∑
n=0
Π(p2)nλn+1 =
1
1/λ− Π(p2) , (3)
and Π(p2) is the renormalized one loop bubble defined by
⋆
Π(p2) = −β1
2
1∫
0
dx ln
eCµ2
m2 − p2x(1− x)
= −β1
2
[
ln
eCµ2
−p2 + 2 + 2
m2
−p2
(
ln
m2
−p2 − 1
)
+O
((
m2
−p2
)2
ln
m2
−p2
)]
,
(4)
(µ is the renormalization point). The expression of the renormalized bubble (4)
depends on the renormalization scheme, but the dependence can be parameterized
by a single constant C [9]. For example, we have C = 0 in the MS scheme and,
C = −γ + ln 4pi in the MS scheme. The coefficient of the renormalized bubble is
related to the renormalization group (RG) β function of λ as
β(λ) = µ
∂
∂µ
λ = β1λ
2 +O(1/N), (5)
and β1 = 1/16pi
2 > 0.
⋆ Throughout this letter, the symbol e is used only for the Napier’s number, e = 2.718 · · ·.
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We define the RG invariant Λ parameter as the value of the renormalization
point µ at which the running coupling λ(µ) diverges. Therefore, in any renormal-
ization scheme, we have Λ = e1/(β1λ)µ to this order of the 1/N expansion. On
the other hand, i∆(p2) in (3) is an S-matrix element and thus must be indepen-
dent of the renormalization scheme. This shows a combination eC/2Λ is scheme-
independent. For simplicity, we will omit the symbol C in the following because the
dependence on C can be recovered by substitutions, µ2 → eCµ2 and Λ2 → eCΛ2.
In particular, our final results (13)–(17) are independent of the renormalization
scheme after this substitution.
In usual analyses of UV renormalon, the O(m2/p2) or higher order terms in (4)
are neglected, because the contribution of UV renormalon arises from the Euclidean
UV singularity of (3) at p2 = −Λ2, i.e., at the Landau pole, and m≪ Λ for a weak
coupling λ ≪ 1. When these higher order terms in (4) are neglected (thus the
theory is basically regarded as a massless one), the leading UV renormalon contri-
bution emerges in dimension six operators [7,8]. However, the O(m2/p2) term in (4)
is crucial and cannot be neglected for our purpose to find O(m2/Λ2) corrections
to dimension four operators.
Let us next consider the next-to-leading order corrections in the 1/N expansion,
the first non-trivial order the UV renormalon emerges. In this order, the self-
energy correction and the four-point vertex function are respectively given by the
diagrams in Fig. 2 and Fig. 3. In these figures, the double line denotes the sum of
strings of bubbles in Fig. 1. At this stage, it is convenient to introduce the Borel
representation of the sum of strings of bubbles [7]:
i∆(p2) =
∞∫
0
dz e−z/λB(z; p2). (6)
Then, from (3) and (4), we see that the Borel transform B(z; p2) has the following
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structure:
B(z; p2) =
∞∑
n=0
1
n!
Π(p2)nzn = exp
[
Π(p2)z
]
= e−β1z
(
µ2
−p2
)−β1z/2 [
1− m
2
−p2
(
ln
m2
−p2 − 1
)
β1z +O
((
m2
−p2
)2
ln
m2
−p2
)]
.
(7)
When z > 0, the insertion of this function into a Feynman integral produces new
UV divergences besides the conventional UV divergence, which will turn to be the
Borel singularity due to UV renormalons.
With the Borel representation (6), the self-energy part in Fig. 2 is expressed
as
Σ
(2)
ij (p
2) = −δij
N
∞∫
0
dz e−z/λ
∫
d4k
i(2pi)4
1
m2 − (k − p)2B(z; k
2)
= −δij
N
∞∫
0
dz e−z/λF (z)p2 + · · · .
(8)
We consider only the wave function renormalization part. Similarly, the four point
vertex function in Fig. 3 with the zero external momentum is given by
Γ
(2)
ijkl(0) =
1
N2
(δijδkl + δikδjl + δilδjk)
∞∫
0
dz e−z/λG(z), (9)
where the Borel transform of the vertex function is given by
G(z) = i∆(0)
∫
d4k
i(2pi)4
1
(m2 − k2)2B(z; k
2)
+ 2
z∫
0
dw
∫
d4k
i(2pi)4
1
(m2 − k2)2B(z − w; k
2)B(w; k2).
(10)
From (7), (8) and (10), we see that the analytic continuation of the Borel transforms
F (z) and G(z) has pole singularities at z = 2n/β1 for non-negative integer n. The
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singularity at z = 0 corresponds to the usual UV divergence and thus is removed
by the conventional renormalization. The generic UV renormalon contribution
corresponds to n ≥ 1.
Let us now concentrate on the leading UV renormalon which contributes to the
leading large order behavior and the leading “non-perturbative” correction for a
weak coupling. It emerges as the singularity of F (z) and G(z) at z = 2/β1, i.e., the
closest singularity from the origin of the Borel z plane. To study this singularity,
it is sufficient to retain the O(m2/p2) terms in (7), because higher order terms give
UV convergent integrals for z ∼ 2/β1. Then, from elementary calculations, we see
that the analytic continuation of F (z) behaves near z = 2/β1 as
F (z) = − 1
16e2pi2β1
m2
µ2
1
z − 2/β2 + · · · , (11)
and, similarly, G(z) has the double pole,
G(z) =
1
e2pi2β31
m2
µ2
(
1
lnΛ2/m2
+ 2
)
1
(z − 2/β1)2
+
1
2e2pi2β21
m2
µ2
[(
1
lnΛ2/m2
+ 2
)(
ln
m2
µ2
− 1
)
+ 2
]
1
z − 2/β1 + · · · .
(12)
In terms of the large order behavior, the double and the single pole singularities
give rise to (β1/2)
nn!λn and −(β1/2)n(n − 1)!λn behavior respectively, and the
coefficient is given by the residue.
Therefore, by retaining the contribution of the leading UV renormalon in (8),
the full propagator of φi is given by (to this order of the 1/N expansion)
iS(p2) = −
[
δij(p
2 −m2) + Σ(2)ij (p2)
]−1
= −δij
[(
1± 1
N
i
16e2piβ1
m2
Λ2
)
p2 + · · ·
]−1
,
(13)
where + (−) sign is for the upper (lower) integration contour around the pole
singularity. It might be possible to specify which is the physically correct one by
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tracing back the effect of the iε prescription (Feynman’s boundary condition), as
was stressed in [6]. From (13), we see that the canonical normalization of the
kinetic term requires the “wave function renormalization” due to the renormalon,
φieff =
(
1± 1
N
i
32e2piβ1
m2
Λ2
)
φi. (14)
The four point function is similarly given by only retaining the lowest 1/N expan-
sion and the leading renormalon contribution in (9),
Γ
(1)
ijkl(0) + Γ
(2)
ijkl(0) = −
1
N
(δijδkl + δikδjl + δilδjk)
×
[
2
β1 ln Λ2/m2
∓ 1
N
i
e2piβ21
m2
Λ2
(
ln
Λ2
m2
+
1
2
+
1
2 lnΛ2/m2
)]
.
(15)
Now, for a fixed mass parameter m, the contribution of the UV renormalon
in (15) can be removed by a finite renormalization. However, the response of the
effective coupling on a variation of the mass parameter may be of interest in a
certain situation. From (15) and the wave function renormalization (14), we can
read off the effective coupling, i.e., the four point interaction at the zero momentum,
as
λeff(m
2) =
2
β1 ln Λ2/m2
∓ 1
N
i
e2piβ21
m2
Λ2
(
ln
Λ2
m2
+
5
8
+
1
2 lnΛ2/m2
)
. (16)
Then the response of the effective coupling on the variation of the mass parameter
might be expressed by a “β function” (for Λ≫ m),
m
∂
∂m
λeff = β1λ
2
eff ∓
1
N
4i
e2piβ31
1
λeff
e−2/(β1λeff) +O
(
e−4/(β1λeff)
)
. (17)
Therefore we conclude that, to this order of the 1/N expansion, the UV renormalon
gives rise to the non-perturbative contribution to the dimension-four operator and
the effective dimensionless coupling.
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We have illustrated a non-trivial contribution of the UV renormalon to a
dimension-four operator in a very simple model. However, it is quite natural to
suppose that this phenomenon is universal in asymptotically non-free theories with
a mass parameter or scale. For example, a similar calculation should be possible
in the massive QED, although the necessary computation will be quite involved.
Presumably, the explicit formula of the two loop vacuum polarization tensor of
massless QED in [9] will be useful.
After observing the “non-perturbative” effect of the UV renormalon, it seems
interesting to examine the possible implication in the magnetic or dual picture
of the Seiberg-Witten theory on N = 2 supersymmetric gauge theory [20,21]. In
the electric or original picture, the theory is a non-Abelian gauge theory and the
non-perturbative corrections to the effective coupling are provided by the instan-
tons [19,20,22–25]. In the magnetic picture, on the other hand, the low energy
effective theory is described by an asymptotically non-free Abelian gauge theory
with a massive “dual electron” (= magnetic monopole). Therefore the dual theory
fulfills the necessary conditions for the non-trivial contribution of UV renormalons.
Furthermore, to our knowledge, the physical origin of the non-perturbative correc-
tions in the magnetic picture has not been fully clarified.
According to the exact solution of [20], the effective coupling in the magnetic
picture behaves as
⋆
1
αeff.(m)
= Im τD(aD) =
β1
2
(
ln
Λ2
|m|2 + c
)
+
β1
2
√
2
Imm
Λ
+O
(
m2
Λ2
)
, (18)
near the singular point of the moduli space where the monopole becomes massless;
the mass of monopole m is related to the VEV of the dual scalar field aD by m =√
2aD. In (18), αeff. = g
2
D/(4pi) is the effective coupling constant in the dual picture
and β1 = 1/pi is the one loop coefficient of the β function of αeff., and c = 6.23832 is
⋆ It should be noticed that Λ in this expression is the Λ parameter in the original N =
2 supersymmetric su(2) gauge theory [20], and is not necessarily the same as the Λ parameter
of the dual (or magnetic) theory, ΛD. In general, Λ and ΛD are proportional to each other.
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a constant. The last term of (18) is the first non-perturbative correction to the
effective coupling. Accordingly, the “β-function” is given by,
|m| ∂
∂|m|αeff. = β1α
2
eff. −
β1e
c/2
2
√
2
α2eff.e
−1/(β1αeff.) sin argm+O
(
e−2/(β1αeff.)
)
. (19)
At first glance, the structure of (18) and (19) is quite resemble to the UV renor-
malon’s effect (16) and (17). However, unfortunately, there are strong arguments
that the non-perturbative corrections in (18) and (19) cannot be regarded as the
effect of the UV renormalon: Firstly, if the low energy effective theory analyzed
in [20] is the Wilsonian one, there must exist an UV momentum cutoff M in the
effective theory. Then UV renormalon cannot emerge because the Landau pole is
far outside the momentum integration region, Λ≫ M , for a weak coupling. Even
if the effective action in [20] is the conventional one (the generating functional of
1PI Green’s functions), it seems impossible to interpret the non-perturbative cor-
rections in the dual picture as the UV renormalon’s effect. The point is that the
non-perturbative corrections in (18) and (19), being depending on the phase of m
and aD, is breaking the R-symmetry of the dual theory (N = 2 supersymmetric
QED). Even when the dual scalar field aD acquires the VEV and monopole be-
comes massive, the mass squared of the monopole is given by |m|2 which is invariant
under the R-rotation. In fact, it can be confirmed that Feynman diagrams con-
tributing to αeff. depend only on a combination |m|2 = 2|aD|2—the perturbative
correction itself cannot break the global R-symmetry unlike the instanton. There-
fore, the corrections due to UV renormalons, even if there exist, cannot contribute
to the dual holomorphic prepotential.
†
Clearly, this conclusion is in accord with
the non-renormalization theorem of N = 2 supersymmetric theory stated in [19].
This work was supported in part by the Ministry of Education Grant-in-Aid
for Scientific Research, Nos. 08240207, 08640347, and 08640348.
† The one loop perturbative correction is exceptional in this sense, because the logarithm can
be expressed as a sum of holomorphic and anti-holomorphic functions. Namely, the dual
holomorphic τ -parameter, τD = iβ1 ln Λ/m, reproduces the one loop correction, 1/αeff. =
Im τD = β1(lnΛ
2/|m|2)/2.
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FIGURE CAPTIONS
1) Sum of strings of one loop bubbles, i∆(p2).
2) O(1/N) correction to the self energy part, Σ
(2)
ij (p
2).
3) O(1/N2) corrections to the four point vertex function, Γ
(2)
ijkl.
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Fig. 1
Fig. 2
+Fig. 3
